We investigate the mass fractions and in-medium properties of heavy nuclei in stellar matter at characteristic densities and temperatures for supernova (SN) explosions. The individual nuclei are described within the compressible liquid-drop model taking into account modifications of bulk, surface and Coulomb energies. The equilibrium properties of nuclei and the full ensemble of heavy nuclei are calculated self-consistently. It is found that heavy nuclei in the ensemble are either compressed or decompressed depending on the isospin asymmetry of the system. The compression or decompression has a little influence on the binding energies, total mass fractions and average mass numbers of heavy nuclei, although the equilibrium densities of individual nuclei themselves are changed appreciably above one hundredth of normal nuclear density. We find that nuclear structure in single nucleus approximation deviates from the actual one obtained in the multinucleus description, since the density of free nucleons is different between these two descriptions.
I. INTRODUCTION
Hot and dense matter can be realized in core collapse supernovae and mergers of compact stars. The details of these phenomena are not completely clarified yet because of their complexity [1] [2] [3] [4] [5] [6] . One of the central problems is the nuclear equations of state (EOSs) of the hot and dense matter both at sub-and supra-nuclear densities. The EOS provides information on composition of nuclear matter in addition to thermodynamical quantities such as pressure and entropy. The nuclear composition plays an important role to determine the evolution of the lepton fraction through weak interactions [7, 8] . This lepton fraction is one of the most critical ingredients for the dynamics and synthesis of heavy elements in these events [9] [10] [11] [12] .
There are two types of EOSs for the supernova and merger simulations. The single nucleus approximation (SNA) is the option, in which the ensemble of heavy nuclei is represented by a single nucleus. Two standard EOSs widely used for the simulations of core-collapse supernovae, Lattimer and Swefty [13] and Shen et al. [14] [15] [16] , belong to the category.
They calculated the representative heavy nucleus described by the compressible liquid drop model and Thomas Fermi model, respectively. In such calculations, in-medium effects on a single nucleus, such as compression and deformation, are taken into account more easily in comparison with the multi-nucleus EOS. On the other hand, they are not able to provide a nuclear composition, which is needed to estimate weak interaction rates in supernova and merger simulations. Furthermore, even the average mass number and total mass fraction of heavy nuclei may not be correctly reproduced by the representative nucleus alone [17] [18] [19] .
The other option is multi-nucleus approximation (MNA), in which the full ensemble of nuclei is obtained for each set of thermodynamical condition. In recent years, some EOSs with MNA have been formulated by different research groups. SMSM EOS [20] [21] [22] is a generalization of the Statistical Multi-fragmentation Model (SMM) successfully used for the description of nuclear fragment produced in heavy-ion collisions [23] . In this model, temperature dependences of bulk and surface energies are taken into account using the incompressible liquid-drop model (LDM). Hempel et al. have also constructed an EOS (HS EOS) based on the relativistic mean field theory (RMF) [18] . In this model, nuclear binding energies as well as nuclear shell effects are based on experimental and theoretical mass data. In the FYSS EOS [19, 24, 25] , the mass formula extended from the LDM was used to describe nuclear shell effects as well as various in-medium effects. As demonstrated in Buyukcizmeci et al. [26] by direct comparison, there are very large differences in nuclear composition predicted by these three models, especially at high densities. A hybrid EOS has been provided by G. Shen et al. [27] , where a multi-nucleus EOS based on the virial expansion at low densities is matched to a single-nucleus EOS via Hartree approximation at high densities, i.e., MNA is employed only in the low density regime. An interesting approach has been developed recently [28] , where the Thomas-Fermi description of individual nuclei was confined with the full nuclear ensemble calculations.
The purpose of the present study is to investigate in-medium effects in multi-nucleus description. The in-medium effects on nuclear binding energies are investigated mainly in SNA;
Papakonstantinou et al. [29] have used the local density approximation and Aymard [30] Extended Thomas-Fermi Approximation. They showed that the binding energies strongly depend on the density and asymmetry of the nucleons in vapor. On the other hand, multinucleus EOSs use very simplified approximations for nuclear biding energies at high densities and temperatures to calculate the statistical ensemble. The fully self-consistent calculation with the multi-nucleus composition including in-medium effects on nuclear structure has not been done yet due to the complexity. Gulminelli and Oertel [31] have investigated the equilibrium between nucleons and nuclei as well as nuclear component in multi-nucleus descriptions, ignoring the in-medium modification of nuclear structure due to the compression and surface interactions with surrounding nucleons.
In the present paper, we take into account self-consistently the compression or decompression of heavy nuclei in the multi-nucleus description, i.e., the changes of equilibrium densities of individual nuclei embedded in dense stellar environment. Then we evaluate the corresponding changes in the nuclear abundances by the optimization of these equilibrium densities. The comparison of the nuclear equilibration in single-and multi-nucleus descriptions is also done.
We consider the present work as an attempt to discuss and evaluate several new effects which may appear in dense stellar matter and which have not being analyzed previously.
The new EOS we construct in this study is not aimed at the immediate practical use in astrophysical simulations, since the required self-consistent calculations need huge computational resource. To reduce the computational cost, the nuclear interactions among nucleon vapor outside nuclei are not considered in the present study, although they are included in many SN EOS via RMF or Skyrme type interactions. In addition, we ignore the shell effect and light clusters other than the alpha particles. The former is very important to estimate the weak rates at low temperatures T < ∼ 2 MeV [8] and the latter also may have influence on the supernova dynamics [32, 33] . On the other hand, their theoretical consideration is rather naive and many uncertainties still remain [24, 26, 34, 35] . In fact at present, nobody can calculate the exact EOS for hot and dense stellar matter starting from first principles. Therefore, we are using a simplified approach which should be considered as a preliminary step for the future work to construct practical and more realistic EOSs for astrophysical simulations.
This article is organized as follows. In section II, we describe our model of EOS, which attempts to solve some of the problems mentioned above. The results are shown in section III.
The paper is wrapped up with a conclusion in section IV.
II. MODEL
Total free energy density is represented as:
where f p , f n and f α are the free energy densities of free protons, neutrons and alpha particles and n i , F t i and M i are the number densities, translational free energies and rest masses of individual heavy nuclei i with the proton number 6 ≤ Z i ≤ 1000. In this study, the light nuclei (Z ≤ 5) are represented by α-particles. Other light clusters are ignored, as is usually done in single nucleus models. This is also needed to make more fair the comparison between MNA and SNA descriptions. The EOS as a function of baryon density n B , temperature T and total proton fraction Y p is obtained by minimizing the free energy density.
Nucleons are considered as structure-less point-like particles moving in the excludedvolume: V − V N , where V is the total volume, V N is the volume occupied by heavy nuclei, V N = i A i /n si and n si and A i are the equilibrium density and the mass number of nucleus i. The local number densities of free protons and neutrons are defined as n ′ p/n = (N p/n )/(V − V N ) with the numbers of free protons, N p , and free neutrons, N n . The free energy density of free nucleons is obtained as
with g p/n = 2 and the nucleon masses m p/n . This ideal gas approximation fails at high densities and low temperatures due to nuclear interactions and quantum statistics. However, we believe that the results will not be qualitatively changed, as discussed later. The translational free energy of nuclei i in Eq. (1) is obtained using the expression for the ideal Boltzmann gas with excluded volume correction
where g i is the spin degeneracy factors of the ground state, which is set to one, and κ = 1 − n B /n 0 .
The calculation below is based on the mass formula used in SMSM and FYSS EOSs,
where an additional modification in the symmetry energy has been introduced (parameter L, see below). In this study for simplicity, we neglect the nuclear shell effects, which are derived from nuclear structure calculations of ground states but should be washed out at [25] . The internal free energy of heavy nuclei is assumed to be the sum of bulk, Coulomb and surface free energies:
We find the equilibrium density of each nucleus, n si , at given T, Y p , n ′ p , n ′ n as the baryon density, at which the internal free energy of the nucleus takes its minimum value. The nuclear mass in Eq. (1) is defined as
where F i is taken at the equilibrium density.
The bulk free energy of nucleus i is evaluated as
where ω(n B , x, T ) is the free energy per baryon of bulk nuclear matter as a function of baryon density in nuclei n B , charge fraction x = Z/A and temperature T , which is expressed as
with ǫ 0 = 16 MeV [13, 23] . We adopt the parameters for bulk properties at zero temperature, ω 0 , n 0 , K 0 , S 0 and L from Refs. [36, 37] , which are summarized in Tab. I. The parameter set E is the most standard parameter set that reproduces the nuclear masses and radii of stable nuclei in the Thomas Fermi Calculations [36] . They are used in most calculations in this study, while the comparisons between the parameter sets B and E are also presented. The thermal term, T 2 /ǫ 0 , comes from the integration over excited states of nuclei, which can be taken in low-temperature approximation at T ≪ ǫ F , where ǫ F is the Fermi energy ∼ 40 MeV at saturation density. Here the slope parameter L accounts for the density dependence of the symmetry energy of nuclei when their equilibrium density deviates from n 0 . Its actual value is still rather uncertain. Various predictions have been provided by the terrestrial nuclear experiments, theoretical analyses and astrophysical observations [38] [39] [40] [41] [42] [43] . Unfortunately, these constraints do not overlap and the actual value is likely to be larger than 35 MeV and less than 131 MeV. The equilibrium densities of asymmetric nuclei are sensitive to L: the larger L leads to the smaller saturation density of asymmetric bulk matter,
at which ω takes its minimum value. The other parameters have also some uncertainties as 
where V N i is the volume of the nucleus in the cell and can be calculated as V N i = A i /n si and n e = Y p n B is the number density of electrons. The expression for the Coulomb free energy is obtained within the WS approximation by integrating the Coulomb potential over the cell
where
u i and e is the elementary charge. Note that the formation of nuclear pasta phases is not taken into consideration in this study. They are essential as intermediate state at the transition to uniform nuclear matter [46] [47] [48] [49] [50] . Although their realistic calculation in MNA is rather complicated, they are taken into account phenomenologically in the FYSS EOS. Also, the electron distribution deviate from the uniform one, especially in the nuclear pasta phases [51, 52] . However, in this paper, we address the densities at n B < ∼ 0.3n 0 , where these effects are not very important.
The surface free energy is evaluated by the expression generating the one form [23] ,
is the radius of nucleus, T c = 18 MeV is the critical point, at which the distinction between the liquid and gaseous phase disappears, and
where σ 0 denotes the surface tension for symmetric nuclei. The values of the constants, σ 0 = 1.14 MeV/fm 3 and C s = 12.1 MeV, are taken from Agrawal et al. [53] . The last two factors in Eq. (11) describe the reduction of the surface free energy when the density contrast between the nucleus and the nucleon vapor decreases [19] , and when the temperature grows.
The free energy density of alpha particles is represented as
, where the translational energy is calculated by the same formula as for heavy nuclei, Eq. (3), but the mass is set to be the experimental value without any modifications at high temperature and densities.
The abundances of nuclei as a function of n B , T and Y p are obtained by minimizing the model free energy with respect to the number densities of nuclei and nucleons under the constraints,
In our EOS, the free energy density of nuclei depends on the local number densities of protons and neutrons n ′ p/n . The nucleon chemical potentials µ p/n are expressed as follows:
′ p/n are the chemical potentials of nucleons in the vapor and the second term originates from the dependence of the free energies of nuclei on n ′ p/n . We hence solve the equations relating µ p/n and n ′ p/n , Eq. (15), as well as the two constraint equations, Eqs. (13) and (14), to determine the four variables: µ p , µ n , n In those states, the nuclei are compressed due to the reduced Coulomb energies. We find that the compression is replaced by decompression when the mass fraction of free nucleons X n + X p becomes less than ∼ 0.05 − 0.15. In core-collpase supernovae and neutron star mergers, such thermodynamical conditions, n B > ∼ 0.01 n 0 and Y p > ∼ 0.25, are usually not realized because of de-leptonization [12, 54, 55] . Therefore, the nuclei are likely to be decompressed due to the presence of dripped neutrons under these conditions. However, during core-collapse of massive stars, the nuclei may be compressed due to the surrounding electrons just before the bounce at n B > ∼ 0.3n 0 , T ∼ 3 MeV and Y p ∼ 0.25. The parameter ξ is zero in Model MI, and negative in Model SC at all densities.
Finally, we discuss the impact of bulk properties on these results by using another bulk parameter set B presented in Tab. I. The major difference between the parameter sets B and E in the bulk properties is the slope parameter L, whereas the same K is assumed. The other parameters S 0 , ω 0 , n 0 are slightly modified to reproduce properties of stable nuclei [36] . decompressed, since the nuclei with larger mass numbers and smaller equilibrium densities dominate in the ensemble. We have found that the property of nuclei are affected to some degree by the compression or decompression even at low baryon densities around n B ∼ 0.01 n 0 , although the noticeable changes in binding energies, total mass fractions and average mass numbers are found only at density above 0.1 n 0 . In the core-collapse supernova and neutron star mergers, the nuclei are likely to be decompressed due to dripped neutrons, except just before the core bounce of massive stars. We come to the conclusion that the equilibrium densities of nuclei used in some single-nucleus EOS calculations, see e.g. [16, 29, 30] , may be significantly underestimated due to the incorrect density of vapor nucleons.
This means that the SNA may not be realistic enough to derive reliable information about in-medium effects as a function of n B , T, Y p .
Our model is not perfect because it neglects nuclear forces and Pauli blocking among free nucleons, nuclear shell effects and light clusters other than the alpha particle. The Pauli shifts for neutrons would suppress the abundance of nucleons and the impact of surface energy reduction by the neutron vapor may become weak, although the impacts are not so large due to the small neutron fraction for the cases of Y p = 0.4 and/or T = 3 MeV. The shell effect should be included and may be affected in medium as well as bulk properties, especially at low temperatures, whereas they are completely washed out at T ∼ 3 MeV and negligible. The existence of deuterons and tritons is known to reduce the neutron fraction a little [56] , thereby suppressing the surface modification by neutrons. In addition, we should also consider the nuclear pasta phases which are formed above n B > ∼ 0.3n 0 yet neglected in this study. As a next step, we plan to address deformations of nuclei including those nuclear pasta phases in MNA. Note that there remain uncertainties in estimation of surface energies such as the formulation of its dependence on the nucleon vapor density and choice of σ 0 .
They also may affect the results quantitatively to some degree. Nevertheless, we hope that our study will provide the helpful information for further improvement of the nuclear EOS required for SN simulations. These in-medium effects may lead to significant changes of the dynamics and weak reaction rates in the core-collapse supernovae and neutron star mergers. and zero density, and the density corresponding to the minimum of bulk free energy, n s,bulk (Z/A), respectively.
